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Abstract
If D = (V; A) is a digraph, its competition hypergraph CH(D) has vertex set V and e ⊆ V is an edge of CH(D)
i2 |e|¿ 2 and there is a vertex v∈V , such that e = N−(v) = {w∈V |(w; v)∈A}. Besides a motivation for this new
concept, closely related to the well-known competition graphs, we present several properties of competition hypergraphs
and discuss connections to corresponding results for competition graphs.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction and denitions
All hypergraphs H= (V (H);E(H)), graphs G = (V (G); E(G)) and digraphs D = (V (D); A(D)) considered here may
have isolated vertices but no multiple edges. Loops are allowed only in digraphs; per de8nition they do not appear in
competition graphs or competition hypergraphs.
In 1968 Cohen [2] introduced the competition graph C(D) associated with a digraph D representing a food web of
an ecosystem. C(D) is the graph with the same vertex set as D (corresponding to the species) and {v; w}∈E(C(D)) i2
v = w and there is a vertex u∈V (D), such that (v; u)∈A(D) and (w; u)∈A(D) (i.e., v and w compete for u). Fig. 1
shows a real life food web for Malaysian rain forest and its competition graph; the example is taken from Roberts [9].
Food webs are commonly considered to be acyclic digraphs; however in literature competition graphs of digraphs with
cycles or loops also are investigated. Roberts [10] observed, that every graph G together with |E(G)| isolated vertices
is the competition graph of an acyclic digraph. He introduced the competition number k(G) as the smallest k, such that
G together with k isolated vertices is the competition graph of an acyclic digraph. Surveys of the large literature around
competition graphs can be found in [5,6,11].
If D is a digraph its competition hypergraph CH(D) has vertex set V (D) and e ⊆ V (D) is an edge of CH(D) i2
|e|¿ 2 and there is a vertex v∈V (D), such that e={w∈V (D)|(w; v)∈A(D)}. In this case we say v∈V (D) corresponds
to e∈E(CH(D)) and vice versa. For many cases competition hypergraphs yield a more detailed description of the
predation relations among the species in D than competition graphs. This is demonstrated by the following example.
Consider the food web D1 in Fig. 1 and de8ne D2 =D1 +(2; 6)+(8; 6)+(4; 11). Obviously, we obtain for the competition
graphs C(D1)=C(D2) but the corresponding competition hypergraphs shown in Fig. 2 are di2erent. Moreover, each edge
of a competition hypergraph represents all species which have the corresponding vertex as a common prey, whereas an
edge of C(D) indicates only that the joined vertices have some common prey. In Fig. 2, the new edges {2; 7; 8} and
{4; 10} in CH(D2) correspond to the vertices 6 and 11 in D2, respectively.
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Fig. 1. A food web D1 and its competition graph C(D1) (from Roberts [9]).
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Fig. 2. The competition hypergraphs of D1 (cf. Fig. 1) and D2 = D1 + (2; 6) + (8; 6) + (4; 11).
Consequently, for food webs containing vertices with indegree ¿ 2, the competition hypergraph includes considerably
more information than the competition graph.
Obviously, the edges of CH(D) correspond to certain cliques (not necessarily maximal) in C(D), and this proves to
be very useful in the following.
If M = (mij) is the adjacency matrix of digraph D, then the competition graph C(D) is the row graph RG(M)
(see [7,4]). To 8nd a similar characterization for competition hypergraphs, we de8ne the row hypergraph RH(M). The
vertices of this hypergraph correspond to the rows of M , i.e. to the vertices v1; v2; : : : ; vn of D, and the edges correspond
to certain columns; in detail
E(RH(M)) = {{vi1 ; : : : ; vik}|k¿ 2 ∧ ∃j∈{1; : : : ; n} : mij = 1⇔ i∈{i1; : : : ; ik}} :
This notion yields immediately the following result.
Lemma 1. Let D be a digraph with adjacency matrix M . Then the competition hypergraph CH(D) is the row
hypergraph RH(M).
Note that any permutation of rows or columns in M does not change the row hypergraph RH(M) (up to isomorphism).
Conversely, for a competition hypergraph H with n vertices and t edges we call each (n × n)-matrix M with entries 0
or 1 a competition matrix of H if H ∼= RH(M). Such a competition matrix is said to be standardized if ej ∈E(H)
corresponds to column j of M for j = 1; : : : ; t and all entries are 0 in columns t + 1; : : : ; n.
As for graphs, we de8ne the competition number k(H) of a hypergraph H to be the smallest k, such that H together
with k isolated vertices is a competition hypergraph of an acyclic digraph.
For a graph G, let us call a collection C = {C1; : : : ; Ct} an edge cover of G, if each Ci ⊆ V (G) generates a clique in
G (not necessarily maximal) or Ci = ∅, and every edge of G is contained in at least one of the cliques in C. Further, let
mˆ(G) be the minimum number of cliques in an edge cover of G.
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Results are known characterizing graphs which are competition graphs of di2erent types of digraphs (acyclic, with
cycles and loops, with cycles but without loops). In this paper we prove corresponding theorems for hypergraphs which
are competition hypergraphs. Moreover we give a characterization for hypergraphs having competition number at most
m∈N, and 8nd conditions providing that a given graph is also a competition hypergraph.
2. Competition hypergraphs of acyclic digraphs
We start with a well-known property of acyclic digraphs (see for instance [1]).
Lemma 2. A digraph D is acyclic i: its vertices can be labelled such that the adjacency matrix M of D is strictly lower
triangular.
Using Lemmas 1 and 2, it follows that the edges of a competition hypergraph of an acyclic digraph D correspond to the
columns of a strictly lower triangular adjacency matrix M of D. As a consequence we obtain for a competition hypergraph
CH(D) of an acyclic digraph D with n vertices:
|E(CH(D))|6 n− 2; (1)
∑
e∈E(CH(D))
|e|6 n(n− 1)
2
− 1; (2)
∀k ∈{2; : : : ; n} : |{e∈E(CH(D))| |e|¿ k}|6 n− k: (3)
Dutton and Brigham [3] as well as Lundgren and Maybee [7] proved the following characterization for competition graphs.
Theorem 3 (Dutton and Brigham [3], Lundgren and Maybee [7]). A graph G with n vertices is a competition graph of
an acyclic digraph i: there is an edge cover C = {C1; : : : ; Cn} and a vertex labelling v1; : : : ; vn of G, such that vi ∈Cj
implies i ¿ j.
In the next theorem we give the corresponding result for competition hypergraphs.
Theorem 4. A hypergraph H with n vertices and E(H)={e1; : : : ; et} is a competition hypergraph of an acyclic digraph
i: its vertices can be labelled v1; : : : ; vn, such that vi ∈ ej implies i ¿ j.
Proof. Suppose H = CH(D) for some acyclic digraph D. By Lemma 2 there is a vertex labelling v1; : : : ; vn of V (D),
which generates a strictly lower triangular adjacency matrix M of D. With Lemma 1 follows CH(D) = RH(M). Using
the notation ej = {vi|i∈{1; : : : ; n} ∧ mij = 1}, for j = 1; : : : ; t, we obtain the required condition: vi ∈ ej implies i ¿ j.
Conversely, if the condition of the theorem is true, there is a vertex labelling of V (H), such that H has a strictly lower
triangular standardized competition matrix M . By Lemmas 1 and 2 this is the adjacency matrix of an acyclic digraph D
with H= CH(D).
The competition number is known only for some special classes of graphs (see [11]). Opsut [8] showed that determining
whether or not k(G)6 r for an arbitrary graph G is an NP-complete problem. Lundgren and Maybee [7] proved the
following upper bound for the competition number (stated in the slightly corrected form of Kim [5]).
Theorem 5 (Lundgren and Maybee [7], Kim [5]). If G is a graph with n vertices and m6 n, then k(G)6m i: G has
an edge cover C = {C1; : : : ; Cn+m−2} and a vertex labelling v1; : : : ; vn, such that vi ∈Cj implies i + m¿j.
For the competition number of hypergraphs we obtain a similar result.
Theorem 6. Let H be a hypergraph with n vertices, m6 n and E(H) = {e1; : : : ; et}. Then k(H)6m i: the vertices
of H can be labelled v1; : : : ; vn, such that vi ∈ ej implies i + m¿j.
Proof. Suppose k(H)6m and let {vˆ1; : : : ; vˆm} be a set of isolated vertices. Then H + {vˆ1; : : : ; vˆm} is a competition
hypergraph with n+ m vertices. By Theorem 4 there is a labelling v′1; : : : ; v
′
n+m, such that
∀i∈{1; : : : ; n+ m} ∀j∈{1; : : : ; t} : v′i ∈ ej ⇒ i ¿ j: (4)
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Because vˆ1; : : : ; vˆm are not contained in any edge, (4) is true if v′i = vˆi for i = 1; : : : ; m. Hence V (H) = {v′m+1; : : : ; v′m+n}.
Now we choose vi = v′m+i and obtain with (4)
∀i∈{1; : : : ; n} ∀j∈{1; : : : ; t} : vi = v′m+i ∈ ej ⇒ m+ i ¿ j:
Conversely, if vi ∈ ej implies i + m¿j in H, take m isolated vertices vˆ1; : : : ; vˆm and construct the labelling v′1; : : : ; v′n+m
as described above. Again (4) is true, and it follows k(H)6m by Theorem 4.
As a conclusion from Theorem 6 we obtain immediately generalizations of conditions (1)–(3).
Corollary 7. Let H be a hypergraph with n vertices, m6 n and k(H)6m. Then
|E(H)|6 n+ m− 2;
∑
e∈E(H)
|e|6 (n+ m)(n+ m− 1)
2
− 1;
∀k ∈{2; : : : ; n} : |{e∈E(H)| |e|¿ k}|6 n+ m− k:
We conclude this section with the question for conditions providing that a given graph G is a competition hypergraph
of an acyclic digraph D.
Theorem 8. A graph G with n vertices is a competition hypergraph of an acyclic digraph D i: G has t6 n− 2 edges
and an isolated vertex.
Proof. If G is a competition hypergraph, then |E(G)|6 n − 2 (see (1)) and the vertex v1 (cf. Theorem 4) is always
isolated.
Now suppose G has t6 n− 2 edges and an isolated vertex. We construct a sequence G1; : : : ; Gn of subgraphs of G, a
vertex labelling and an edge labelling as follows: G1 = G with the isolated vertex v1. Because of |E(G1)|6 n− 2 there
is a second vertex v2 ∈V (G) with degree in G1 at most one, i.e., dG1 (v2)6 1. Further, choose
e1 =


∅ if E(G1) = ∅;
the edge incident with v2 if dG1 (v2) = 1;
an arbitrary edge otherwise;
and de8ne G2 = G1 − v1 − e1. More generally, if Gk−1 is given for k ∈{2; : : : ; n} then we choose vk−1; ek−1 and vk
analogously. The next subgraph Gk =Gk−1 − vk−1 − ek−1 has (n− k + 1) vertices, at most (n− k − 1) edges, an isolated
vertex vk and (if k ¡n) a vk+1 with dGk (vk+1)6 1. The process stops with Gn, which has the only vertex vn and no
edges. Note that ek = ∅ for k¿ t + 1.
Obviously, we obtain for the generated labellings V (G)={v1; : : : ; vn} and E(G)={e1; : : : ; et}, that vi ∈ ej implies i ¿ j,
thus G is a competition hypergraph by Theorem 4.
Corollary 9. Every graph G with n vertices and at most (n − 2) edges, where at least one vertex is isolated, is a
competition graph of an acyclic digraph.
Proof. The sequence {e1; : : : ; en} constructed in the proof of Theorem 8 is an edge cover of G, hence Theorem 3 yields
the desired result.
3. Competition hypergraphs of arbitrary digraphs
We start with the case that the digraphs considered here may have loops. Dutton and Brigham [3] characterized
competition graphs for this case.
Theorem 10 (Dutton and Brigham [3]). A graph G with n vertices is a competition graph of a digraph (which may have
loops) i: mˆ(G)6 n.
Cliques in edge covers of C(D) correspond to edges in CH(D) (cf. Section 1):
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Theorem 11. A hypergraph H with n vertices is a competition hypergraph of a digraph (which may have loops) i2
|E(H)|6 n.
Proof. If H is a competition hypergraph, then each e∈E(H) corresponds to a vertex v∈V (H), hence |E(H)|6 n.
Conversely let H be a hypergraph with E(H) = {e1; : : : ; et} where t6 n. We de8ne a digraph D by V (D) = V (H)
and (vi; vj)∈E(D) i2 vi ∈ ej . Clearly, H is the competition hypergraph of D.
The same arguments as in the proof above yield immediately.
Corollary 12. A graph G with n vertices is a competition hypergraph of a digraph (which may have loops) i: |E(G)|6 n.
Roberts and Steif [12] investigated competition graphs of digraphs without loops.
Theorem 13 (Roberts and Steif [12]). A graph G with n vertices is a competition graph of a digraph without loops i:
G = K2 and mˆ(G)6 n.
The corresponding result for competition hypergraphs becomes more complicated; this is caused by the numerous
possibilities for edge cardinalities in hypergraphs.
Theorem 14. Let H be a hypergraph with n vertices and E(H) = {e1; : : : ; et};
further de;ne Mk={Mk ⊆ {1; : : : ; t}‖Mk |=k} for k=1; : : : ; t. Then H is a competition hypergraph of a digraph without
loops i:
∀k ∈{1; : : : ; t} ∀Mk ∈Mk :
∣∣∣∣∣∣
⋂
j∈Mk
ej
∣∣∣∣∣∣
6 n− k: (5)
Proof. Let D be a digraph such that H= CH(D) and suppose (5) is not true, i.e.,
∃k ∈{1; : : : ; t}∃{j1; : : : ; jk}∈Mk :
∣∣∣∣∣
k⋂
i=1
eji
∣∣∣∣∣= q¿n− k: (6)
Then in D there exist k vertices, say v1; : : : ; vk , corresponding to the edges eji ; i = 1; : : : ; k. Further, by (6), there are q
vertices w1; : : : ; wq, such that
∀i∈{1; : : : ; q} ∀j∈{1; : : : ; k} : (wi; vj)∈A(D): (7)
By (6) it follows {v1; : : : ; vk} ∩ {w1; : : : ; wq} = ∅, i.e., at least one of the arcs in (7) is a loop.
Conversely, suppose (5) is true. Choosing k= t in (5) we obtain |E(H)|= t6 n for otherwise |⋂tj=1 ej|¡ 0. Therefore
H is a competition hypergraph of a digraph (loops allowed) by Theorem 11. Let M=(mij) be the standardized competition
matrix of H for some labelling V (H)={v1; : : : ; vn} and de8ne Kej ={i | i∈{1; : : : ; n} ∧ mij =0} for j=1; : : : ; t. Because
mij = 1 i2 vi ∈ ej , it follows from (5) that
∀k ∈{1; : : : ; t} ∀Mk ∈Mk :
∣∣∣∣∣∣
⋃
j∈Mk
Kej
∣∣∣∣∣∣
¿ k: (8)
This is the Hall condition for the sets Ke1; : : : ; Ket and by Halls Theorem (see for instance [1]) the existence of a system
of pairwise distinct representatives for { Ke1; : : : ; Ket} follows. Hence we can permute the rows of M obtaining M ′ = (m′ij),
such that m′jj = 0 is the representative of Kej; j = 1; : : : ; t. Thus we have m
′
ii = 0 for i = 1; : : : ; n, i.e., M
′ is the adjacency
matrix of a digraph D′ without loops and with Lemma 1 it follows that CH(D′) = RH(M ′) ∼=H.
Similarly to Theorem 8 we conclude with a characterization of graphs which are competition hypergraphs of digraphs
without loops.
Theorem 15. A graph G with n vertices is a competition hypergraph of a digraph without loops i: t = |E(G)|6 n and
G = K2.
Proof. If G is a competition hypergraph of a digraph without loops, then condition (5) in Theorem 14 is ful8lled. We
choose k = t and k = 1 and obtain t6 n and G = K2, respectively.
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Conversely assume G = K2 and t6 n. Obviously, (5) is true for E(G)=∅. If E(G) = ∅, then, since G = K2, it follows
n¿ 3, hence (5) is true for k=1. Because in graphs two or more edges have at most one vertex in common, the validity
of (5) follows for k = 2; : : : ; t if t6 n− 1. Finally, if t = n there is no vertex incident to all of them because G has no
loops; thus (5) is also true in this last case. The result now follows from Theorem 14.
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